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1. Introdution and summary of known results
In this work we onsider Supersymmetri Yang-Mills Quantum Mehan-
is (SYMQM) [1, 2℄, whih in D = 10 dimensions and for SU(N → ∞)
gauge group aording to the remarkable hypothesis [3, 4, 5℄ is equivalent to
M−theory of D0 branes. Despite the fat that the three loop alulations
[6, 5℄ question the exat equivalene, the SYMQM models possess a lot of
fasinating properties required in M−theory, i.e. ontinuous spetrum of
sattering states with the threshold states desribing a supergravition [7℄.
The SYMQM emerges from the dimensional redution of supersymmet-
ri Yang-Mills eld theory in the D − 1 dimensional spae to the eetive
Quantum Mehanis of zero momentum modes in a single point [2, 8℄. In
a gluinoless setor the energy spetrum of these system is idential to the
spetrum of 0−volume glueballs [9, 10, 11, 12℄. Although the resulting mod-
els are muh simpler than the original eld theories, they are rather omplex
with non-trivial solutions. Researhes on the systems with D < 10 for var-
ious gauge groups provide the global understanding of whole family. Thus,
the SYMQM provides a simple laboratory to study many properties of su-
persymmetri systems [2, 8℄. For D = 2 and SU(2) gauge group the system
is exatly solvable. Going further to D = 4 dimensions the model beomes
non-trivial. It possesses both loalized and non-loalized states.
The simplest method of solving the energy eigenproblem for the D = 4
model with SU(2) group was introdued in Refs. [12, 13℄. Aording to
this method ating with bosoni and fermioni reation operators on the
empty state one an onstrut a basis of Fok spae. Next, in order to nd
the spetrum and the eigenfuntions of the Hamiltonian one an solve the
eigenproblem of the Hamiltonian matrix alulated in the onstruted ba-
sis. Sine we have an innite number of the states in the Fok spae in
order to perform numerial alulation we have to ut some basis vetors
o. Therefore, in the above method one onsiders only Fok states with
a number of bosoni quanta nB smaller or equal to ut-o B. At the end
making analysis of the spetrum as a funtion of ut-o B we are able to nd
the energy for the model without a ut-o. It turns out that due to om-
mutativity properties between the Hamiltonian and the operator of number
of fermioni quanta, nF , the system separates into setors with determined
nF = 0, 1, . . . , 6. Thus, we an solve the eigenproblem in smaller Fok ba-
sis with xed nF . The above method allowed to alulate the spetrum in
all fermioni setors with an arbitrary angular momentum j for the ut-o
B = 8 and the Witten index for the model [12, 13℄.
It turns out that the Hamiltonian also ommutes with an operator of
the angular momentum j. This makes possible to onstrut the basis with
xed both nF and the angular momentum, j. It was done by van Baal in
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Refs. [14, 15℄ for nF = 0, 2, 4, 6 and j = 0 but with the ut-o B = 39.
Calulations for other setors are more ompliated within this approah.
The aim of this work is to analyse the spetrum of the D = 4 model with
SU(2) gauge group more preisely by enlarging ut-o yet further. Using
the van Baal's method we onentrate on the setor with F = 2 and j = 0
where the supersymmetri vauum state appears to be [15℄. In this setor the
eigenvalues of the Hamiltonian form disrete as well as ontinuous spetrum
[16, 17℄. For high ut-os the wave-funtions of disrete states onverge with
B and therefore we are able to build these eigenstates and desribe properties
of their wave-funtions. Moreover, we an test the saling properties [18℄
appearing for the ontinuous spetrum.
In the beginning of the next setion we introdue a notation following
Ref. [15℄ and desribe the SYMQM model and show how one an onstrut
Fok spae in the F = 2 an d j = 0 setor and alulate the Hamiltonian
matrix. We also present the onstrution of the eigenstates of the Hamilto-
nian. Next we show the results whih inlude the energy spetrum of the
model for ut-o B ≤ 60. Moreover, we onstrut and desribe properties
of the eigenfuntions for the disrete and ontinuous spetrum. At the end
we onrm the saling relation for the ontinuous spetrum whih was de-
rived in Ref. [18℄ for the ut free-partile and only onjetured for interation
systems.
2. Hamiltonian eigenproblem
2.1. Denitions
Following Refs. [9, 15℄ the supersymmetri Hamiltonian of Yang-Mills
quantum mehanis with the SU(2) gauge group has a form
Hδαβ =
1
2
{Qα, Q†β} , (2.1)
where Q and Q† are the generators of SUSY in the oordinate representation
of the eld theory dened as
Qα = σ
j
αβ˙
λ¯β˙a
(
−i ∂
∂V ja
− iBaj
)
Q¯α˙ = λ
β
aσ
j
βα˙
(
−i ∂
∂V ja
+ iBaj
)
, (2.2)
with Pauli matries σj = τ j and Weyl spinors λβa . Here, a olour magneti
eld of SU(2) is dened as
Bai = −
1
2
gεijkεabcV
b
j V
c
k , (2.3)
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where V cj are bosoni variables with olour indies c = 1, 2, 3 and spatial
indies j = 1, 2, 3. The Weyl spinors λβa with β = 1, 2 spinor indies and
a = 1, 2, 3 olour indies satisfy the following anti-ommutation relations
{λaα, λ¯bβ˙} = σ¯β˙α0 δab , {λaα, λbβ} = 0 , {λ¯aα˙, λ¯bβ˙} = 0 , (2.4)
where σ0 is the unit matrix.
The SUSY generators satisfy
{Qα, Q¯α˙} = 2(σ0)αα˙H− 2(σi)αα˙V ai Ga , (2.5)
where
Ga = igεabc
(
V cj
∂
∂V bj
− λ¯bσ¯0λc
)
, (2.6)
is the generator of the SU(2) gauge transformation while the Hamiltonian
density [8℄ is dened by
H = −1
2
∂2
∂V ai ∂V
a
i
+
1
2
Bai B
a
i − igεabcλ¯aσ¯jλbV cj . (2.7)
One may resale bosoni variables V ai introduing new variables cˆ
a
i :
V ai =
1
g1/3(L)L
cˆai . (2.8)
Thus, performing the approximation of onstant elds with g(L → 0) → 0
[9℄ with g = g(L)L3 we obtain a Hamiltonian H independent of the oupling
onstant g: ∫
d3xH ≡ g2/3(L)H/L, (2.9)
where
H = HB +HF , (2.10)
with the bosoni part
HB = −1
2
(
∂
∂cˆai
)2
+
1
2
(
Bˆai
)2
, (2.11)
and the fermioni one
HF = −iεabdλ¯aσ¯iλbcˆdi . (2.12)
Here, the olour magneti eld is resaled to
Bˆai = −
1
2
εijkεabdcˆ
b
j cˆ
d
k . (2.13)
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2.2. A straightforward approah
In this model there are 6 fermioni degrees of freedom, λβa . An operator
whih gives the number of fermions, nF , ommutes with the Hamiltonian
(2.10). Thus, our system splits into 7 setors enumerated by nF values.
Sine the setors are related by a partile-hole symmetry
nF ↔ 6− nF , (2.14)
we have four independent setors desribed by nF = 0, 1, 2, 3.
In order to solve the eigenequation of the Hamiltonian (2.10) we on-
strut an innite basis of the Fok spae by ating with cˆdk and λ¯
α˙
k on the
empty state:
|n〉 =
∑
contractions
{a1, . . . , ar}
cˆa1k1 . . . cˆ
am
km
λ¯α˙am+1 . . . λ¯
β˙
ar |0〉 , (2.15)
where cˆdk and λ¯
α˙
k are given by appropriate linear ombinations of the reation
and annihilation bosoni and fermioni operators, respetively, while the
sum goes over gauge invariant linear ombinations of cˆdk and λ¯
α˙
k , [12℄
1
. Next,
we at with (2.10) on the basis states (2.15) alulating matrix elements of
the Hamiltonian. Finally, we diagonalize the Hamiltonian matrix nding
eigenvalues and eigenstates of (2.10).
Contrary to fermions we have an innite number of bosons, nB = 0, . . . ,∞.
Moreover, the operator whih desribes a number of bosons nB does not
ommute with the Hamiltonian (2.10). Therefore, our Hamiltonian matrix
is innite. To simplify the problem we ut the basis (2.15) by onsidering
only the states with nB ≤ B, where B is dened as a ut-o. Next, analysing
the limit B → ∞ we reover the spetrum of the full, innite Hamiltonian
matrix.
Eigenstates of the model are linear ombinations of basis states (2.15).
It turns out that for given nB we have a large number of states. Even if we
divide the problem into the separate fermioni setors, the separate bases
have large numbers of states. One an see it in Table 1 from Ref. [13℄ where
the authors show the size of the basis ontaining states generated in speied
fermioni setors labelled by nF and for given nB. In this Table Ns desribes
a number of basis vetors with a given bosoni quantum numbers whereas Σ
is a sum of vetors in the basis with maximal quantum number nB. The last
olumn shows that the number of bosoni states ΣB = Σ0 + Σ2 + Σ4 + Σ6
is equal to the number of fermioni states ΣF = Σ1 + Σ3 + Σ5 as required
by supersymmetry.
1
Here, alulations are performed in Fok-spae representation
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nF 0 1 2 3
nB Ns Σ0 Ns Σ1 Ns Σ2 Ns Σ3 ΣB − ΣF
0 1 1 - - 1 1 4 4 0
1 - 1 6 6 9 10 6 10 0
2 6 7 6 12 21 31 42 52 0
3 1 8 36 48 63 94 56 108 0
4 21 29 36 84 111 205 192 300 0
5 6 35 126 210 240 445 240 540 0
6 56 91 126 336 370 815 600 1140 0
7 21 112 336 672 675 1490 720 1860 0
8 126 238 336 1008 960 2450 1500 3360 0
jmax 8 17/2 9 19/2
Table 1. Size of the basis generated in speied fermioni setors nF from Ref. [13℄
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Figure 1. Dependene of the energy E on a a ut-o B ≥ nB in setors with various
nF obtained in Ref. [13℄
In Fig. 1 we present a dependene of the energy on the ut-o. One an
see that for this large number of bosoni quanta the energy onverges to
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the onstant value rather slowly, espeially for nF = 2, 3, 4. Thus, in order
to simplify this problem, we nd another operator whih ommutes with
the Hamiltonian, i.e. the total angular momentum j. Using the operator
desribing a fermion number, nF , and the total angular momentum, we an
divide the spetrum into smaller setors labelled by nF and j. This will be
disussed below.
2.3. Analyti hange of variables
In the rest of the paper we onsider the ase with nF = 2 and j = 0.
This ase is most interesting beause it ontains the vauum state of the
system. Moreover, the energy has disrete and ontinuous spetrum. We
will use the notation following the work of van Baal [15, 14℄.
The gauge invariane and the vanishing angular momentum j allow us to
redue a number of bosoni variables [15℄. The redution an be rewritten
as a diagonalization of cˆai :
cˆai =
3∑
j=1
RijxjT
ja , (2.16)
where matries R,T ∈ SO(3). Thus, from nine bosoni variables cˆai one
obtains three invariants of both gauge and rotation groups:
−∞ < xi <∞ , where i = 1, 2, 3 . (2.17)
Additionally, the seond set of invariant variables (r, u, v) is introdued
where
r2 = (cˆaj )
2 =
3∑
j=1
x2j , (2.18)
denes the radius r in the {xj}−spae, so that 0 ≤ r ≤ ∞, while
u = r−4(Bˆaj )
2 = r−4
3∑
i>j=1
x2i x
2
j , (2.19)
takes values 0 ≤ u ≤ 13 and orresponds to the resaled bosoni potential
V (~x) = x21x
2
2 + x
2
1x
2
3 + x
2
2x
2
3 = u r
4 . (2.20)
An example of equipotential surfae is shown in Fig. 2. The potential has
minimum on xi−axes. Due to the resaling property (2.20) of V (~x) all
equipotential surfaes with dierent values of energy have the same shape.
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Figure 2. An example of equipotential surfae for V (~x) = u r4 = x21x
2
2 + x
2
1x
2
3 +
x22x
2
3 = 0.1
It turns out that for nF = 2 the fermioni part of the Hamiltonian breaks
the symmetry
x1x2x3 ↔ −x1x2x3 . (2.21)
Thus, in order to desribe the system ompletely one has to introdue the
remaining variable
v = r−3 det cˆ = r−3
3∏
j=1
xj , (2.22)
whih may take positive as well as negative values −1/√27 ≤ v ≤ 1/√27.
One an notie that the transition from (r, u, v) to (x1, x2, x3) is not
unique. The transformation funtions xj(r, u, v) between oordinates are 24-
valued funtions and we an hoose one branh, i.e. imposing |x1| ≤ x2 ≤ x3.
It turns out that for nF = 2 and j = 0 bosoni terms of our alulations an
be rewritten in (x1, x2, x3) variables or equivalently in (r, u, v) oordinates.
After integrating out six angular variables, the integral measure hanges into
d9cˆ =
2
3
π4Jd3x , (2.23)
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with the Jaobian J dened as
J ≡
∏
i>j
|x2i − x2j | = r6
√
u2(1− 4u)− v2(4− 18u+ 27v2) . (2.24)
Let us onsider the basis vetors (2.15). For nF = 2 they ontain two
fermioni reation operators λ¯aα˙. We an form either antisymmetri
|V〉 ≡ VjcIjc = −2iVjcεabcλ¯aα˙(σ¯j0)α˙β˙λ¯bβ˙ |0〉 , (2.25)
or symmetri
|S〉 ≡ SabJ ab = −Sabλ¯aα˙λ¯bβ˙ǫα˙β˙|0〉 , (2.26)
ombinations, where Vjc and Sab are antisymmetri and symmetri om-
binations of bosoni variables cˆaj respetively, while σ¯
j0
is related to Pauli
matries by σ¯j0 = 12τj . The ovariane gives us their struture as
Vja = h1(r, u, v)cˆaj /r − h2(r, u, v)Bˆaj /r2 + h3(r, u, v)cˆbj cˆbk cˆak/r3 , (2.27)
and
Sab = h4(r, u, v)δab − h5(r, u, v)cˆaj cˆbj/r2 + h6(r, u, v)cˆbj cˆdj cˆdk cˆbk/r4 , (2.28)
where hi(r, u, v) are funtions of invariant variables. Finally, our basis vetor
may have both invariant parts, so that
|Ψ〉 = |V〉+ |S〉 . (2.29)
The Eqs. (2.27)-(2.29) an be rewritten as
|Ψ〉 =
6∑
µ=1
hµ(r, u, v)|eµ(u, v)〉 , (2.30)
where
|e1(u, v)〉 = cˆaj/rIja , |e4(u, v)〉 = δabJab ,
|e2(u, v)〉 = Bˆaj /r2Ija , |e5(u, v)〉 = cˆaj cˆbj/r2Jab ,
|e3(u, v)〉 = cˆbj cˆbk cˆak/r3Ija , |e6(u, v)〉 = cˆbj cˆdj cˆdk cˆbk/r4Jab .
(2.31)
Lowering of indies an be done with ǫαβ = ǫα˙β˙ = −iτ2 for spinor indies,
δab for olour group indies and δij for spae indies. Now, we are ready to
reformulate our Hamiltonian (2.10) in terms of (r, u, v).
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The fermioni part of HF an be expanded in the spae spanned by
|eµ〉 ≡ |eµ(u, v)〉, i.e.
HF |eµ〉 =
6∑
ν=1
|eν〉HνµF , (2.32)
whih gives a 6× 6 matrix in a form
HµνF /r =


0 1 −v 2 1 1− u
2 0 1 0 0 −v
0 −1 0 0 −1 −1
2 4v 2− 4u 0 0 0
−2 0 0 0 0 0
0 0 −2 0 0 0

 . (2.33)
The vetors |eµ(u, v)〉 are not orthogonal and their salar produts2 an be
written in a matrix form as
Nµν = 〈eµ|eν〉F =


8 24v 8X 0 0 0
24v 8u 8v 0 0 0
8X 8v 8Y 0 0 0
0 0 0 12 4 4X
0 0 0 4 4X 4Y
0 0 0 4X 4Y 4Z

 , (2.34)
where
X = 1− 2u, Y = 1− 3u+ 3v2 and Z = 1 + 2u2 − 4u+ 4v2. (2.35)
Thus, alulating salar produts of the states (2.30) we have to use the Nνµ
matrix, i.e.
〈Ψ|Ψ′〉 =
∫
d9cˆ
6∑
µ,ν=1
h∗µN
µνh′ν , (2.36)
with hν dened in (2.27)-(2.28). Similarly, the matrix elements have a form
〈Ψ|H|Ψ′〉 =
∫
d9cˆ
6∑
µ,ν,p=1
h∗µN
µνHνρh′ρ . (2.37)
The kineti part of the Hamiltonian (2.10) is given by
−1
2
∂2
(∂cˆai )
2
= −1
2
J−1(~x)
∂
∂xj
J(~x)
∂
∂xj
= −1
2
(
r−8
∂
∂r
r8
∂
∂r
+
∆(u, v)
r2
)
,
(2.38)
2
These salar produts, i.e. 〈·|·〉F , are performed with integration only over fermioni
degrees of freedom
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where the Laplaian on a 9−dimensional sphere reads
∆(u, v) = 4(3v2 + u− 4u2) ∂
2
(∂u)2
+ 8(1 − 3u)v ∂
2
∂u∂v
+ (u− 9v2) ∂
2
(∂v)2
+4(2− 11u) ∂
∂u
− 30v ∂
∂v
. (2.39)
Similarly to (2.32), the matrix elements of ∆(u, v) an be alulated as
−1
2
∆(u, v)
6∑
µ=1
hµ(r, u, v)|eµ(u, v)〉 =
6∑
µ,ν=1
|eν(u, v)〉Hˆνµ∆ hµ(r, u, v) , (2.40)
where Hˆνµ∆ is found in Ref. [15℄ as
Hˆµν∆ = −
1
2
δµν∆(u, v) − 1
2
(
∆1V ⊘
⊘ ∆1S
)
− 1
2
(
∆0V ⊘
⊘ ∆0S
)
, (2.41)
with
∆1V ≡ 2

 (2− 4u)∂u − 3v∂v ∂v + 2v∂u 3v∂v + 6u∂u∂v (2− 8u)∂u − 6v∂v −6v∂u
−2∂u −∂v −12u∂u − 9v∂v

 ,
(2.42)
∆1S ≡ 2

 0 2v∂v −8v2∂u0 (4− 8u)∂u − 6v∂v 4v∂v + 8u∂u
0 −4∂u −16u∂u − 12v∂v

 , (2.43)
and
∆0V ≡ 2

 −4 0 70 −9 0
0 0 −15

 , ∆0S ≡

 0 3 10 −9 11
0 0 −22

 . (2.44)
To sum up, we obtain the 6× 6 Hamiltonian matrix in a form
Hˆµν = −1
2
δµνr−8
∂
∂r
r8
∂
∂r
+ r−2Hˆµν∆ +
1
2
δµνr4u+ rHˆµνF , (2.45)
where HˆµνF = H
µν
F /r.
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2.4. The Fok spae
Following Ref. [15℄ we hoose the eigenvetors of the harmoni osillator
as the basis vetors (2.30). Substituting (r, u, v) variables these eigenfun-
tions separate into a spherial and radial part as follows
3
|Ψˆ(n,ℓ,m)(r, u, v)〉 =
6∑
µ=1
h(n,ℓ,m)µ (r, u, v)|eµ〉 , (2.46)
with
h(n,ℓ,m)µ (r, u, v) = Y(ℓ,m)µ (u, v)φℓn(r) . (2.47)
Next, to ortonormalize the basis (2.46) the Gram-Shmidt proess
|Ψˆ(n,ℓ,m)(r, u, v)〉 ortonorm.−→ |Ψ(n,ℓ,m)(r, u, v)〉 , (2.48)
is performed.
Constrution of the spherial harmonis
Y(ℓ,m) = 〈u, v|ℓ,m〉 = (Y(ℓ,m)1 ,Y(ℓ,m)2 , . . . ,Y(ℓ,m)6 ) , (2.49)
is shown in Ref. [15℄. They satisfy the eigenequation
Hˆ∆Y(ℓ,m) = L(2L+ 7)Y(ℓ,m) , (2.50)
where the angular momentum L = 12(ℓ− 3) is a half-integer number and its
degeneration is desribed for even 2L by
m = 0, 1, 2, . . . , L , (2.51)
and for odd 2L by
m =
1
2
,
3
2
, . . . , L . (2.52)
A rst few spherial harmonis are presented in Table 2. As we an see the
spherial harmonis are six-omponent vetors of polynomials in u and v.
The radial part of the Shrödinger equation for the harmoni osillator
gives the eigenequation[
−1
2
r−8∂rr
8∂r +
1
2
(ℓ+ 4)(ℓ − 3)
r2
+
1
2
r2
]
φℓn(r) = E˜
ℓ
nφ
ℓ
n(r) . (2.53)
3
In the following setions all sums will be written diretly. There is no summation
over repeating indies assumed a priori
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1
2 (ℓ− 3) m Y(ℓ,m) = (Y
(ℓ,m)
1 ,Y(ℓ,m)2 , . . . ,Y(ℓ,m)6 )
0 0 (0, 0, 0, 1, 0, 0)
√
35/2/8π2
1
2
1
2 (1, 0, 0, 0, 0, 0)
√
105/16π2
1 0 (0, 1, 0, 0, 0, 0)
√
1155/2/16π2
1 1 (0, 0, 0,−13 , 1, 0) 3
√
77/16π2
3
2
1
2 (0, 0, 0, v, 0, 0)
√
15015/16π2
3
2
3
2 (− 711 , 0, 1, 0, 0, 0) 11
√
273/5/32π2
2 0 (v,− 113 , 0, 0, 0, 0) 39
√
77/32π2
2 1 (0, 0, 0, 10143 ,−1113 , 1) 429
√
7/86/16π2
2 2 (0, 0, 0,− 643 + u,−2243 , 2643 ) 3
√
6149/2/16π2
5
2
1
2 (0, 0, 0,− v3 , v, 0) 3
√
51051/2/16π2
5
2
3
2 (− 11195 , v, 115 , 0, 0, 0) 39
√
1785/64π2
5
2
5
2 (−14 + u,−13v44 , 544 , 0, 0, 0) 33
√
221/7/16π2
3 0 (−10v17 , 151 , v, 0, 0, 0) 51
√
4389/5/32π2
3 1 (−6v13 ,−1265 + u, 38v65 , 0, 0, 0) 39
√
17765/7/64π2
3 2 (0, 0, 0, 4663 − u17 + v2, 0, 0) 663
√
209/7/32π2
3 3 (0, 0, 0, 251 − 3u17 ,− 617 + u, 417) 51
√
2717/7/32π2
7
2
1
2 (0, 0, 0,
28v
323 ,−15v19 , v) 969
√
231/10/32π2
7
2
3
2 (0, 0, 0,−12v65 + uv,−6v13 , 38v65 ) 39
√
53295/2/32π2
7
2
5
2 (
10
969 − u19 + v2,−2v19 ,− 2323 , 0, 0, 0) 969
√
429/14/32π2
7
2
7
2 (
44
399 − 93u133 + 2v
2
7 ,
2v
7 ,− 20133 + u, 0, 0, 0) 19
√
51051/2/64π2
Table 2. Orthonormal spherial harmonis for L < 4 from Ref. [15℄
The solution to Eq. (2.53) has a form
φℓn(r) =
√
2n!
e−r
2/2 rℓ−3L
ℓ+ 1
2
n (r2)√
Γ(n+ ℓ+ 32)
, (2.54)
where Lℓn(x) are Laguerre polynomials, while quantum numbers
n = 0, 1, 2, . . . ,∞, (2.55)
and
ℓ = 2L+ 3 = 3, 4, 5, . . . ,∞ , (2.56)
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enumerate dierent radial solutions. The osillator energy dened by (2.53)
is a funtion of the above quantum numbers:
E˜ℓn = ℓ+ 2n+
3
2
. (2.57)
Sine the number of degrees of freedom in the system is nine a number of
bosoni quanta for a given basis vetor (2.48) reads
nB = E˜
ℓ
n −
9
2
= ℓ+ 2n − 3 . (2.58)
The above formula will be used to relate the quantum numbers ℓ and n to
the ut-o B ≥ nB .
Let us onsider the integrals over (r, u, v) whih appear in the salar
produts of the wavefuntions, (2.36) and (2.37). Due to the simpliity of
(r, u, v) variables and the polynomial form of the eigenstates Yn to (2.50),
one an perform the integrals of the spherial harmonis over u and v:
Xi,j ≡
∫
r=1
d9cˆ uiv2j , (2.59)
by making use of the reurrene relation
Xi,j =
4i(1 + i+ 4j)Xi−1,j + 12i(i − 1)Xi−2,j+1 + 2j(2j − 1)Xi+1,j−1
(4i+ 6j)(4i + 6j + 7)
,
(2.60)
where X0,0 = 32π
4/105. Sine the radial funtions (2.54) are orthonormal
using ∫
dr r8φℓn(r)
∗φℓn′(r) = δnn′ , (2.61)
one an also easily perform the integrals over r.
2.5. Hamiltonian matrix and the eigenfuntions
In the last setion we have shown the way to onstrut the Hamiltonian
matrix of the SYMQM model for D = 2 and the SU(2) group. Now, we
are ready to onstrut the matrix elements and the eigenfuntions of the
Hamiltonian in the ut Fok spae (2.48). Thus, applying (2.37) and (2.59)-
(2.61) we alulate matrix elements of (2.45) as
H(n
′,ℓ′,m′),(n,l,m) = 〈n′, ℓ′,m′|H|n, ℓ,m〉 , (2.62)
where |n, ℓ,m〉 ≡ |Ψ(n,ℓ,m)(r, u, v)〉. Next, we solve the eigenequation∑
(n,ℓ,m)
H(n
′,ℓ′,m′),(n,ℓ,m)v
(n,ℓ,m)
k = Ekv
(n′,ℓ′,m)
k , (2.63)
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where the eigenvalues Ek desribe the spetrum of the Hamiltonian (2.10)
4
.
Finally, we nd the eigenfuntions of (2.10) in the basis (2.48) as
|Φk(r, u, v)〉 =
∑
(n,ℓ,m)
v
(n,ℓ,m)
k |Ψ(n,ℓ,m)(r, u, v)〉 =
=
∑
(n,ℓ,m)
v
(n,ℓ,m)
k
6∑
m=1
Y(ℓ,m)µ (u, v)φℓn(r)|eµ〉 , (2.64)
where Y(ℓ,m)µ (u, v) are spherial harmonis satisfying (2.50) while φℓn(r) are
dened by (2.54). The non-orthogonal vetors |eµ〉 ontain the fermioni
variables and their salar produt is dened by (2.34). The above formula
is the main expression whih we use to ompute the wave-funtions of the
model.
3. Results
3.1. Eigenenergies, oexistene and B−dependene
Solving the eigenequation (2.63) for dierent ut-o B we obtain the
energy spetrum of the system with j = 0 and nF = 2 as a funtion of B.
Using Alpha DEC, PC omputers and optimized C++ ode we were able to
reah the ut-o values B = 60. The spetrum is shown for B ≤ 60 in Fig. 3.
Looking at this Figure one an notie two kinds of behaviour. The levels
from the rst group are the ones whih are rapidly, possibly exponentially,
onvergent to nite energy values and they beome onstant for large B.
These values represent the full non-perturbative eigenspetrum of the un-
ut system. The other urves fall down slowly as
Ek(B) ∼ 1
B
. (3.1)
These two kinds of urves do not ross but one an see, espeially for
lower B, that the levels repel eah other exhanging their own B-behaviour.
For higher B this repulsion is more subtle.
There is a onjeture that the asymptotis of the wave funtion at large
distanes, i.e. large r, determine the onvergene of our alulations being
performed with the enlarging number of allowed quanta B [12℄. Thus, loal-
ized states, whose wave-funtions do not go deep into the valleys, onverge
faster with the ut-o. These states are related to the disrete spetrum of
4
To perform the alulation the van Baal's program [15℄ was rewritten from Mathe-
matia ode to C++. This speeded up the program and made possible omputation
for higher ut-os.
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Figure 3. The energy spetrum as a funtion of ut-o B ≥ nB
the Hamiltonian (2.10). They are supersymmetri partners of the the loal-
ized states from nF = 1, 3 setors from supersymmetri multiplets [12, 19℄.
To obtain spetrum of these states the limit
E = lim
B→∞
EB,k
∣∣∣
k=onst
, (3.2)
is performed where index k enumerates onseutive energy urves and hanges
only at the anti-rossing points.
On the other hand, the non-loalized states penetrate the valleys with
inreasing the ut-o. They have the power-like behaviour of the energy
level. The energy urves whih fall slowly to the zero energy with inreasing
ut-o never onverge. They form the ontinuous spetrum at B = ∞. It
was in Ref. [18℄ shown that non-trivial and orret ontinuum limit for these
states is given by
E(P ) = lim
B→∞
EB,k(B,P )
∣∣∣
P=onst
with k(B,P ) =
P
π
√
2B (3.3)
where P is the ontinuous momentum, B is the ut-o and k enumerates
only energy levels from the ontinuous spetrum. The ontinuous spetrum
onsists of all positive energy values. Loalized and non-loalized states
oexist as a onsequene of the supersymmetri interations with at valleys.
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It turns out that the vauum state belongs to the setor with j = 0 and
nF = 2 and is formed by the ontinuous spetrum [15, 12℄. In order to obtain
this state one has to take the states from the ontinuous spetrum, perform
the ontinuous limit (3.3) and at the end go with E → 0. Sine the SUSY
vauum is onstruted from the states with ontinuous energy spetrum, it
is non-normalizable
5
[12℄.
E
0.2 0.4 0.6 0.8 1.
1
2
3
4
k2/B ∼ P 2
Figure 4. Dispersion relation, E ∼ P 2, for a few rst energy urves from the ontin-
uous spetrum. Here, k - enumerates onseutive energy urves for the ontinuous
spetrum and aording to [18℄ k is related to momentum P as k/
√
B ∼ P .
3.2. Saling and dispersion relation
It was shown in Ref. [18℄ that for the free Hamiltonian the momentum
of its eigenstate P is related to a disrete index of onseutive ontinuous-
energy levels k by
P ∼ k√
B
, (3.4)
where B is a number of bosons. It turns out that similar dispersion relation
holds for our system. This is seen in Fig. 4 where E(P 2) is plotted. In this
Figure the energies from a distint energy urves of ontinuous spetrum,
5
The vauum state is non-normalizable means its normalization to the Dira delta
funtion.
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enumerated by k, are denoted by dierent symbols. In order to evaluate P
Eq. (3.4) was used. Indeed, the points in the plot form a urve E(P ) ∼
P 2 with a very good approximation. Thus, one an suppose that these
states form the ontinuous spetrum at B = ∞. This again agree with the
ontinuous nature of sattering states. Therefore, we onrm that the states
whih orrespond to the energy levels with power-like behaviour desribe
asymptotially free partiles. One an imagine that these partiles propagate
in at valleys of the potential (2.20).
The above saling law (3.3) is required to reover the innite Hilbert
spae limit (3.3). On the other hand it is interesting beause its universality.
It is valid for models with only ontinuous spetrum as well as the mixed
one, like the one onsidered in this work where the Hamiltonians are less
trivial and the loalized and non-loalized states oexist at the same energy.
3.3. Loalized versus non-loalized eigenfuntions
Applying (2.64) one an also alulate the eigenstates of (2.45). A simple
way to analyse the bosoni probability density is to use
|Φk(x1, x2, x3)|2 ≡ 〈Φk(r, u, v)|Φk(r, u, v)〉F , (3.5)
where we apply (2.34) while the integration in this produt is only performed
over the fermioni degrees of freedom.
The energy levels of loalized states onverge rapidly with B. Similarly,
their eigenstates beome pratially B independent. As one an see due to
anti-rossing energy levels (see Fig. 3) the loalized states with a speied
energy (but onsidered for dierent ut-o B) orresponds to distint values
of k. For our onveniene we denote the loalized states by index (L),
i.e. Φ
(L)
s (r, u, v), where ontrary to Φk(r, u, v) ase, index s enumerates only
states of the disrete spetrum. A few rst bound states are shown in Figs. 5-
8. There are mainly loalized around the origin where potential has wide
minimum  the stadium. These Figures show plots with various ut-o's B.
The onvergene of the rst two states is so good that it is not possible to
distinguish the wave-funtions with dierent ut-o's. For higher states with
s = 3, and s = 4 this onvergene is worse6. This is aused by interferene
of the states whih have nearly the same energy (see Fig. 3). The next state
with s = 5 is not degenerate and its wave-funtion also rapidly onverges.
In order to observe the symmetry of the loalized states we present also
ontour plot for |Φ(L)s (x1, x2, x3)|2 = 0.003 in Figs. 9-10. One an see that
6
Beause of the simpler shape, the wave-funtion with s = 4 onverges more rapidly
than one with s = 3. However, this onvergene is muh slower than one for the other
wave-funtions, i.e. with s = 1, 2, 5, . . . .
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x
|Φ(L)s=1(x)|2
s = 1
 0
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Figure 5. The rst bound eigenstate s = 1 for B = 37, . . . , 46:
|Φ(L)
s=1(x, x2 = 0, x3 = 0)|2
x
|Φ(L)s=2(x)|2
s = 2
 0
 5e-05
 0.0001
 0.00015
 0.0002
 0.00025
 0.0003
 0.00035
-6 -4 -2  0  2  4  6
B=46
B=45
B=44
B=43
B=42
B=41
B=40
B=39
B=38
B=37
Figure 6. This is Fig. 5 but the bound eigenstate with s = 2 for B = 37, . . . , 46:
|Φ(L)
s=2(x, x2 = 0, x3 = 0)|2
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|Φ(L)s=3(x)|2
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Figure 7. Same for the third bound eigenstate s = 3 for B = 40, . . . , 46:
|Φ(L)
s=3(x, x2 = 0, x3 = 0)|2
x
|Φ(L)s=4(x)|2
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Figure 8. And for the fourth bound eigenstate s = 4 for B = 40, . . . , 46:
|Φ(L)
s=4(x, x2 = 0, x3 = 0)|2
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Figure 9. Contour plots for the bound eigenstates with s = 1, 2 for
|Φ(L)s (x1, x2, x3)|2 = 0.0003
only the rst bound state possesses the symmetry of the bosoni potential
(2.20):
xi ↔ ±xj for i, j = 1, 2, 3. (3.6)
For the remaining states one part of the symmetry (3.6), i.e. (2.21), an
be broken by the fermioni term in the Hamiltonian (2.33)
7
. Thus, in the
fermioni ase the symmetry (2.21) is not valid. Although in the onsidered
ase j = 0 the eigenstates are not spherially symmetri and they have
ompliated shapes of ontour plots with a genus sometimes greater than
zero. However, one has to remember that the angular momentum j = 0
applies for the 9−dimensional spae of cˆai . Sine the transformation (2.16)
of the cˆ−oordinate spae to the 3−dimensional xi-spae is non-linear the
three-dimensional spherial symmetry in the xi-spae is not obvious.
Let us onsider the probability density of states with ontinuous spe-
trum along the potential valley:
x1 = x, x2 = x3 = 0. (3.7)
It turns out that going away from x1 = x2 = x3 = 0 the amplitude of the
eigenstates (3.5) is strongly suppressed. Thus, to see its dependene along
7 HF ontains v variables without square powers. This breaks the symmetry (2.21) of
the bosoni potential.
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Figure 10. The same ontour plots but for the bound eigenstates with s = 3, 4 for
|Φ(L)s (x1, x2, x3)|2 = 0.0003
x
x2|Φ(NL)k (x)|2
E = 1.7
 0
 0.0002
 0.0004
 0.0006
 0.0008
 0.001
 0.0012
 0.0014
 0.0016
-10 -5  0  5  10
B=1, k=1
B=10, k=2
B=23, k=3
B=40, k=4
B=60, k=5
Figure 11. The funtions x2|Φ(NL)
k
(x)|2 for eigenstates with energy levels Ek(B)
from the ontinuous spetrum. Here E = 1.7 and k = 1, 2, 3, 4, 5.
the valley a quantity
x2|Φ(NL)k (x)|2 ≡ x2|Φ
(NL)
k (x1 = x, x2 = 0, x3 = 0)|2 (3.8)
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x2|Φ(NL)k (x)|2
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Figure 12. The plot similar to ones from Fig. 11 but for the eigenstates with E = 2.6
and k = 1, 2, 3, 4, 5.
x
x2|Φ(NL)k (x)|2
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Figure 13. The same funtion as in Fig. 11 but for E = 3.7 and k = 1, 2, 3, 4, 5.
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is studied. Similarly to the loalized states the non-loalized ones are de-
noted by supersript (NL), i.e. Φ
(NL)
k (x1, x2, x3), and their index k enu-
merates only the energy levels from the ontinuous spetrum. The saling
limit implied in (3.3) is performed as follows. Take an arbitrary energy, i.e
E = 1.7, and for a given energy urve from the ontinuous spetrum, i.e.
E
(NL)
k (B) enumerated by index k, nd the ut-o B whih best satises the
following ondition
E
(NL)
k (B) = E , (3.9)
where E is the arbitrary energy. The probability density of the Hamiltonian
eigenstates multiplied by x2 (3.8) is shown for E = 1.7 and k = 1, 2, 3, 4, 5 in
Fig. 11. As one an see for k = 1 the funtion x2|Φ(NL)k (x)|2 has two peaks.
For the next energy urve, i.e. k = 2, the plot has four peaks with lower
amplitudes. Thus for the k−th urve one an see 2k peaks. In the limit
(3.3) the amplitudes of the peaks for a given energy are nearly the same.
This does not our for the peaks in the entre of the potential and the
peaks deeper sunk in the valley. For all k the osillations of frequenies are
nearly the same and orrespond to the energy E = 1.7. For higher energies,
i.e. E = 2.6 and E = 3.7 presented in Fig. 12 and Fig. 13 respetively,
frequenies are lower but for the xed energy value they are approximately
independent of k. Taking states for higher energy urves one an notie that
their wave-funtions enter deeper into the valleys (2.20). This fat onrms
that the onsidered states form the ontinuous spetrum for B →∞.
In the purely bosoni setor, i.e. where nF = 0, 6, as well as in the setors
with nF = 1, 5, where bosoni modes are dominating, despite the atness
of the potential valleys the at diretions are bloked by the energies of the
transverse quantum utuations. This makes the spetrum in zero-fermion
and one-fermion setors disrete. However, in the supersymmetri system
the transverse utuations anel among bosoni and fermioni states. Thus,
valleys are not bloked and in the model with supersymmetri fermions the
ontinuous spetrum appears. This ours in setors for nF = 2, 3, 4.
On the other hand, we have setors with only disrete spetra, i.e.
nF = 0, 1, 5, 6. The supersymmetry reates super-multiplets and demands
the existene of similar states in others setors. Therefore in the entral se-
tors, i.e. nF = 2, 3, 4, there is oexistene of disrete and ontinuous spetra.
This is exatly what Fig. 3 shows.
4. Summary
Despite the fat that Supersymmetri Yang-Mills Quantum Mehanis
(SYMQM) models [1, 2℄ are simpler than the original eld theories, they still
pose diult to solve omplex problems. On the other hand we have the
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BFSS equivalene hypothesis [3, 4, 5℄, whih relates SYMQM to M−theory.
This makes SYMQM even more interesting. Moreover, the SYMQM models
form very good laboratory for learning of supersymmetri theories. Studies
in their zero-fermion setors, i.e. of the non-supersymmetri Yang-Mills me-
hanis, give us knowledge about 0-volume glueball states, [9, 10, 11, 12℄. On
the other hand testing relations between fermioni setors we an observe
spei properties of the ation of the supersymmetri operator.
In this work we have onsidered the D = 4 dimensional model with
SU(2) gauge groups. This model is non-trivial and possesses both loalized
and non-loalized states. There were many approahes [12, 13, 15, 19℄ to
understand the model and to nd its energy spetrum. We have followed
the method [15℄ proposed by van Baal whih allows to solve problem in the
setor with speied not only the number of fermioni quanta nF but also
at the xed momentum j = 0. We have hosen the setor with nF = 2 and
j = 0, where the supersymmetri vauum should appear.
First, the energy spetrum for very high ut-os B ≤ 60 has been al-
ulated. It exhibits omplex struture of the states, i.e. oexistene of lo-
alized and non-loalized states. For a high ut-os, i.e. B > 40, not only
the energies of loalized states beome B−independent but also the orre-
sponding eigenfuntions. We have onstruted the rst few bound state and
desribed their properties. Our spetrum agree with the previous results
[12, 13, 15, 19℄. However, with the higher ut-o it is muh more aurate.
In the plot of the energy spetrum as a funtion of the ut-o B in
Fig. 3 the non-loalized states form urves behaving as 1/B. Taking the
states from these urves for a onstant energy we have studied the proper-
ties of the eigenfuntion from the ontinuous spetrum. At the end we have
tested the saling of the ontinuous spetrum (3.3) and onrmed numer-
ially dispersion relation of the free partiles presented in Ref. [11℄. The
saling was derived in Ref. [18℄ for models with only non-loalized states
whereas here we have shown that with a very good approximation is also
valid for the non-trivial interations.
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